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Abstract 



^ , This paper presents the first examples of massless relativistic quantum 

CD ! field theories which are interacting and asymptotically complete. These 

' two-dimensional theories are obtained by an application of a deformation 

ly-^ . procedure, introduced recently by Grosse and Lechner, to chiral conformal 

\^ I quantum field theories. The resulting models may not be strictly local, but 

' they contain observables localized in spacelike wedges. It is shown that the 

■ scattering theory for waves in two dimensions, due to Buchholz, is still valid 

under these weaker assumptions. The concepts of interaction and asymptotic 
completeness, provided by this theory, are adopted in the present investiga- 
^ ■ tion. 

1 Introduction 

The interpretation of quantum field theories in terms of particles is a long- 
standing fundamental problem |Ha58[ IRu62[ ILSZ55[ ICD82| . The last two 
decades witnessed significant progress on this issue, both on the side of 
structural analysis |Bu90| IPo04.H IPo04.2t [DyOSj |Dy09| and in the study 



of concrete models [Sp97l IDG991 IFGS041 [Le08] . By combining methods 
of algebraic quantum field theory |Ha) with insights from the form-factor 
program |SW001 IBFK06| . the first examples of local, relativistic quantum 
field theories, which are interacting and asymptotically complete, have been 
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constructed in [Le08| . As this class contains only massive models, the ques- 
tion of asymptotic completeness in the presence of massless particles is open 
to date in the local, relativistic framework. This can be partly attributed 
to the infamous infrared problem, which hinders rigorous construction and 
analysis of interacting massless theories by traditional methods (see however 
[CRWSSj IBFM041 IZZ92| ). It is therefore remarkable that more recent con- 
structive tools, developed in |BLS10) . give rise to massless models which are 
asymptotically complete and interacting. We exhibit such theories in the 
present work. 

We recall that a new class of relativistic quantum field theories, including 
both massive and massless models, has been obtained recently by a certain 
deformation procedure akin to the Rieffel deformation |GL08| IBS08| IBLSlOl 
IDLMlOj . These theories are wedge-local i.e. observables can be localized 
in (unbounded) wedge-shaped regions extending in spacelike directions. In 
the massive case this remnant of locality suffices for a canonical construc- 
tion of the two-body scattering matrix, as shown in |BBS01| . Exploiting 
this fact, it was demonstrated in [ GLOSj IBSOSj that the deformed theory is 
interacting even if the original theory is not. As in general only two-body 
scattering states are available, it may seem that the problem of asymptotic 
completeness cannot be addressed in the framework of wedge-local theories. 
However, in the case of two-dimensional massless theories such a conclusion 
would be pre-mature, as we demonstrate in this paper. 

Our first task is to provide a scattering theory for such models. We 
recall that for local two-dimensional theories of massless excitations a scat- 
tering theory was developed in |Bu75| . The basic building blocks of this 
construction are the subspaces T-L+ and Ti^ in the physical Hilbert space 
Ti, corresponding to the right and left branch of the lightcone in momen- 
tum space. These subspaces carry representations of the Poincare group 
which are in general highly reducible. Thus vectors ^± G 7i± do not de- 
scribe particles in the Wigner sense, but rather composite objects, called 
in |Bu75| 'waves'. In view of their dispersionless motion, a composition of 
several waves traveling in the same direction (say elements of gives 
rise to another wave from T-L+. Thus it suffices to consider scattering states 

out in 

^+ X (resp. ^+ X ^'_) which describe two waves traveling in the oppo- 
site directions in the remote future (resp. past). They span the subspaces 
^out I'j-ggp '^™) of the outgoing (resp. incoming) states. The scattering 

out 

operator S : — t- Ti™ can be defined as an isometry mapping ^'^ x 

in 

into 'f-i- X If T-L = = %, then we say that the theory is asymptot- 
ically complete. As we will show, there exists a large class of non-interacting 
massless theories in two-dimensional spacetime which have this property: it 
includes all chiral conformal quantum field theories. 

In the light of the above discussion, it is not surprising that the scattering 
theory from |Bu75| can be generalized to the wedge-local context. Indeed, 
observables localized in two opposite spacelike wedges suffice to separate two 
waves traveling in opposite directions. We demonstrate this fact in Section [2] 
after some introductory remarks on wedge-local quantum field theories. In 
Section [3] we express the scattering matrix of the deformed theory (with 
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a deformation parameter k), by the scattering matrix S of the original one. 
We obtain 

S^ = e'^''"s, (1) 

where M is the mass operator. Hence, similarly as in the massive case, the 
deformed theory is interacting, even if the original theory is not. Moreover, 
the property of asymptotic completeness is preserved by the deformation 
procedure. Thus, as we show in Section [H deformations of chiral confor- 
mal field theories give rise to wedge-local theories which are interacting and 
asymptotically complete. We summarize our results in Section [5l where also 
some open questions are discussed. 

2 Scattering theory 

A convenient framework for the study of wedge-local theories is provided 
by the concept of a Borchers triple |Bo92| . We recall that a Borchers triple 
{n,U,n), (relative to the wedge W = {x = (x°,x^) E | > }), 
consists of: 

(a) a von Neumann algebra TZ C B{T-L), 

(b) a strongly continuous unitary representation U of on "H, whose 
spectrum sp U is contained in the closed forward lightcone V+ = { p = 
ip°,p^) £M?\p^ > \p^\ } and which satisfies axiTZ) C TZ, for x £ W, 
where ax{-) = U{x) ■ U{x)~^, 

(c) a unit vector G Ti which is invariant under the action of U and is 
cyclic and separating for TZ. It will be called the vacuum vector. 

One interprets 2l(W) := TZ as the algebra of all observables localized in 
the wedge W. In view of (c), one can apply to {TZ,Q) the Tomita-Takesaki 
theory and we denote by (A, J) the modular operator and the conjugation. 
As shown in |Bo92| . with the help of the modular objects one can construct 
an (anti-)unitary representation A — >• U{X) of the proper Poincare group 
which extends the original representation of translations. In particular, J 
implements the spacetime reflection i.e. 

JU{x)J = U{-x), xeR^. (2) 

Thus with any wedge AW one can associate the algebra of observables 
2t(A>V) = U{X)TIU{X)-^. Since, by the Tomita-Takesaki theory, JTIJ = TZ' , 
the resulting net is wedge-local i.e 2l((A>V)') = 2t(A>V)', where (AW)' is the 
causal complement of AW and a prime over an algebra denotes the commu- 
tant. Hence this net gives rise to a (two-dimensional) wedge- local, relativistic 
quantum field theory. See |Bo92| IF198| for proofs of the above statements 
and |BLS10| for a more detailed overview. 

Let {H,P) be the generators of U i.e. U{x^,x^) = e*^^ . We set 

T-L± = ker {H =p P) and denote by P± the corresponding projections. We 
assume that D Ti- = [cO] i.e. Vt is the unique (up to a phase) unit 
vector which is invariant under translations. This implies that Ti^ Pi [cil]^ 
is orthogonal to Ti^ n [cil]"*". We assume that the latter two subspaces are 
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non-trivial, to ensure that the theory contains massless excitations. Let us 
now describe briefly their collision theory. The construction follows closely 
[B775] . 

For any F G B{'H) and x G we denote F{x) := ax{F) and define the 
sequences of operators 

F±{hT) = j dthT{t)F{t±) with t± = {t,±t), (3) 

where hxit) = |r|-^/i(|r|~^(t - T)), < e < 1 and /i e C^O^) is a non- 
negative, symmetric function s.t. J dth{t) = 1. With the help of these 
approximating sequences we construct the asymptotic fields corresponding 
to the wedge W. 

Lemma 2.1 Let F ^ TZ. Then the limits 

:= s-lim F+(/it), <^'-{F) := s-lim F_(/it), (4) 

T— ^oo T— >■— oo 

exist and are elements of IZ. They depend only on the respective vectors 
4>°'^*(F)J] = P+FVt, <^'j^{F)n = P^Fn and satisfy 

(a) <^°^\F)'H+ c n+, ^^{F)n^ C 

(h) a,($^>^*(^)) = c,x{^HF)) = ^"^MF)) forxeW. 

Proof. Let us consider the first limit in (|4]). Since there holds the estimate 
< \\F\\ J dt\h{t)\, it suffices to show the convergence on the dense 
set of vectors R'Q. First, using the mean ergodic theorem, one checks that 

s-lim F+{hT)n = P+Fn. (5) 

T^oo 

In view of part (b) of the definition of the Borchers triple and the fact that 
t+ G W, we obtain that -F+(/it) £ for T sufficiently large. Hence, for any 
F' E R', 

s- lim F+ {hT)F'n = F'P+FQ, (6) 

T— >oo 

which proves the convergence. Since 7^ is a von Neumann algebra, the limit 
4>^J"*(F) is an element of TZ. Since Q is separating for TZ, this operator 
depends only on ^'^\F)n = P+FQ. 

The second part of (j4]) is proven analogously. Property (a) follows by an 
application of the mean ergodic theorem, similarly as in ([5]). Property (b) is 
obvious from the definitions of □ 

Let us now define the asymptotic fields corresponding to the wedge W'. 
Keeping in mind that JTZ'J = TZ, we set for any F' € TZ' 

^^{F') := J^°f{JF'J)J, ^>°"t(F') := m'^{JF'J)J. (7) 

Making use of formula ([2]), we easily obtain the following counterpart of 
Lemma 12.11 



4 



Lemma 2.2 Let F' £ TZ' . Then 

^^^{F') = s-lim F;(/it), <!>°^\F') = s-lim FL{hT). (8) 

T— ^— oo T— >oo 

These operators depend only on the respective vectors ^™{F')i} = P^F'^l, 
^>°"t(F')17 = P^F'n and satisfy 

(a) c n+, c n-, 

(h) a,($!j^(F'))=$!?(a.(F')), ax($°"*(F'))=^- *(ax(i^')) V a; e W. 

Let us now proceed to the construction of scattering states. Clustering 
properties of the asymptotic fields are of importance here. Proceeding as in 
|Bu75| . we note that for any F,G £71, F',G' £ W there holds 

{^°^\F)<^°_^\F')n\<^>°^\G)<^°^\G')n) 

= {^"^\F)n\^"^\G)n){^°_:'\F')n\^°_^\G')n), (9) 

where in the last step we made use of Lemma [2.11 (a). Lemma [2.21 (a) and of 
the fact that ?^+n[cO]-^ is orthogonal to ^_ n [cJ]]-^. Now for any £ 'Rj^^ 
(resp. £ %-) we choose, with the help of property (c) of the Borchers 
triple, a sequence of elements of IZ (resp. a sequence {F^^nen of 

elements of IZ') s.t. s-lim P+F„r2 = (resp. s-lim P+F^il. = ^^). By 

n— >oo n— >oo 

relation ([9]), the limit 

°x* ^_ := s- lim ^"_^\Fn)^°^\F^)n (10) 

n— >oo 

exists and does not depend on the choice of the sequences within the above 
restrictions. We will call it the outgoing scattering state. Next, we define 
the incoming scattering states as follows 

in out 

X := J{i.m+) X (J^--)). (11) 

This definition is meaningful, since relation ([2]) gives C and C 

It is easily seen, that for suitable sequences {G^jneN (resp. {G'^}nef>s) 
of elements of TZ (resp. of TZ'), there holds 



^+ X ^_ = s- lim <^'J^{G'J^'!^{Gn)n, (12) 



similarly as in (jlOp . The states constructed above have the following basic 
properties which justify their interpretation as scattering states: 

Lemma 2.3 For any ^'i, ^'_|_ £ %± 

out out 

(a) (VI/+ X X ^'_) = {^+,^'^){^^,^'_), 

out out _ 

(b) U{x){^+ X ■^^) = {U{x)-^+) X {U{x)-^^), for X £^^. 
Analogous relations hold for the incoming scattering states. 
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Proof. Part (a) follows immediately from relation ([9]). As for part (b), for 
any x £ M? we can choose such y £ W and y' £ W' that x + y £ W and 
X + y' £ W' . We choose a sequence {i*^j^}^gpj of elements of 7^ and 
of elements of W s.t. s-lim = ^+ and s-lim P^F^{y')Q = 

Then 

U{x){^+°x^_) = s-lim a,($°"*(^n(y)))a.($°'^*(F^(y')))f^ 
= s-hm a,+j,(<D°"*(F„))a,+,,(^-*(i";))^^ 

n— >-oo 

= s-lim$;'^t(F„(x + 2/))^'°"t(F;(x + y'))f^, (13) 

n— ^-oo 

where we applied Lemma [2. II (b) and Lemma [2. 21 (b) in the second and third 

out 

step. We note that the last state on the r.h.s. above is just (C/(x)^'+) x 
(U{x)^-), completing the proof of (b). The statement concerning the in- 
coming states follows immediately from the properties of the outgoing states 
and from definition (HID. □ 



After this preparation, we introduce the scattering subspaces 



out 



-^"^ = 7^+ x?^_ and?^°"* = ?^+ X (14) 



which are spanned by the respective scattering states. In view of Lemma[ 
they are canonically isomorphic to the tensor product Ti-^- Ti-. Similarly 
as in |Bu75) . we define the scattering operator S : — t- T-L"\ extending 
by linearity the following relation: 

out in 

S{^+ X ^'_) = ^+x (15) 

By Lemma [2.3l this map is an isometry and it is invariant under translations. 
If S differs from (a constant multiple of) the identity transformation on Ti^^, 
then we say that the theory is interacting. If ^™ = = Ti, then we 

say that the theory is asymptotically complete. In the next two sections we 
exhibit a class of theories which satisfy these two properties. 

To conclude this section, we point out that the asymptotic fields form new 
Borchers triples, which are non-interacting and asymptotically complete. In 
view of Lemma l2.ll (a) and Lemma 12.21 (a), we can define the following von 
Neumann algebras acting on := (g) Ti-: 

■■= {^TiF)\n+^^'-iG)\n.\F,G£n}", (16) 
{TZ'r ■■= W+{F')\n+(^^°^HG')\H-\F',G' £n'}". (17) 

Moreover, we set U^^{x) = U{x)\-}i^ (8> C/(a;)|-^_ and il**^ = (g) $7. Clearly, 
there holds 

spC/'^'^ = sp[/|^^+sp[/|^_ cy+. (18) 

and is the unique (up to a phase) unit vector which is invariant under 
the action of C/''^ Since is cyclic for 7^^'^ and (7^')''^ and (TZ')^ C (7^'''^)^ 
we obtain that {TZ'^^ , If^^ , Q,'^'^) is a Borchers triple w.r.t. W. We call it the 
asymptotic Borchers triple of {R,U,Q). It has the following properties: 
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Proposition 2.4 The Borchers triple (TZ^^ , U'^^ , Q'^'^) defined above gives 
rise to an asymptotically complete and non-interacting wedge-local quantum 
field theory. Moreover, sp = V+ . 

Proof. Making use of the fact that {TZ')^ C we obtain the equalities 

^°^\^°f{F)\-u+ «) I)^"^ = P+Fn n, (19) 

$°"*(/ = p^F'n, (20) 

valid for any F e TZ, F' G W . Thus we conclude that Ti^ D n+ [cfi] 
and D [on] ^U-. Let ^± G n± and let (resp. {F^}neN) 

be a sequence of elements of TZ (resp. TZ') s.t. s-limP+F„il = ^+ (resp. 

n— >oo 

s-limP_F;;f] = ^'_). Then we get 

n— >oo 

out 

(*+ (g) rj) X (r2 (g) ^'_) 

= s-iim$°"t($°^t(F„)|^, ® /)$°"*(/® $°"*(f;;)I^ )r?'^^ 

n 

= ^'+(g^'_. (21) 
By an analogous argument, we verify that 

in 

(*+ (g) f]) X (il ^'_) = '1'+ (g) (22) 



as 



We infer from equalities (gl]) and 1^ that (-^as^out ^ (-Hasyn ^ 
(i.e. asymptotic completeness holds) and S = I (i.e. the theory is non- 
interacting). 

To justify the statement concerning the spectrum of [/^^, we recall that 
H+ n [cQ]-^ and n [cQ]-^ are assumed to be non-trivial. Consequently, 
spf^|'H+ 3,nd sp[/|-^_ have some non-zero elements. From the existence of 
the unitary representation of the Poincare group U, associated with the 
triple {TZ, U,il.), we conclude that these two spectra coincide with the right 
and left branch of the lightcone, respectively. Since sp (f7|-^^ (g U\-}{_) = 
spC^|'H+ +spf/|-H-) the statement follows. □ 



3 Deformations and interaction 

In the previous section we showed that for any Borchers triple in two- 
dimensional spacetime (with a unique vacuum state) we can canonically 
construct the scattering operator S which describes collisions of massless 
particles (or rather 'waves'). In this section we consider a class of defor- 
mations of Borchers triples, introduced in |BLS10| . and study their effect 
on the scattering operator. Similarly as in the massive case |GL08l IBS08| . 
the deformed theory turns out to be interacting, even if the original one is 
not. Moreover, we show that the property of asymptotic completeness is 
preserved under these deformations. 

Let us recall briefly the deformation procedure of |BLS10| . Let {TZ, U, il) 
be a Borchers triple w.r.t. the wedge W. We denote by TZ"^ the subset of 
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elements of TZ which are smooth under the action of a in the norm topology. 
(It is easy to see that TU^ is a dense subalgebra of IZ in the strong operator 
topology). Let T) be the dense domain of vectors which are smooth w.r.t. 
to the action of U. Then, as shown in |BLS10| . one can define for any F S 
7^°°, and a matrix Q, antisymmetric w.r.t. the Minkowski scalar product 
(x, y) — )• xy, the warped convolution 

Fq = j dE{x)aQ^{F) := lim(27r)-2 y <fx<fyf{ex,ey)e-'''yaQ^{F)U{y) 

(23) 

where dE is the spectral measure of U and / G ^(IR^ x M^) is s.t. /(0, 0) = 1. 
The limit exists in the strong sense on vectors from T) and is independent of 
the function / within the above restrictions. We set 

7^Q := { Fq I F G 7^°° }". (24) 

Let us now restrict attention to the following family of matrices 

Q^=il n V (25) 



^ K ^ 

where k > 0, and recall a result from |BLS10) : 

Theorem 3.1 If {Tl,U,Q) is a Borchers triple w.r.t. W, then {TIq^,U,Q,) 
is also a Borchers triple w.r.t. W. Moreover, {TV)-q^ C {TZq^Y ■ 

Our goal is to express the scattering operator 5"^ of the deformed theory 
{TZq^, U, by the scattering operator S of the original theory (TZ, U, il). To 
this end, we prove the following fact. 

Theorem 3.2 For any G 'H± the following relations hold: 

out -1 /rr2 n2^ OUt 

^+ X « = e-'^'^'^^ X ^.), (26) 

in -1 /rr2 n2\ ill 

^+ x^ ^„ = -^ \^+ X ^'„), (27) 

where on the l.h.s. (resp. r.h.s.) there appear the scattering states of the 
deformed (resp. undeformed) theory. 

Proof. Let us first prove relation (j26p . To this end, we pick F G 7^°°, 
F' G (7^')°°• We set ^+ = P+FQ = P+Fq^Q and = P.F'Q. = 
P_F'_Q^Q, where we exploited the translational invariance of the state 0. 
Since Fq^ G TZq^ and, by Theorem 13. H F'_q^ G (TZq^)', the outgoing state 
of the deformed theory is given by 

out 

^+ x,^_= lim FQ^,+ {hT)FLQ^^^ihT)n = lim FQ^,+{hT)FL{hT)n 



lim Iim(27r)-2 f d^ f{ex,ey)e-'^y aQ^{F+{hT))F'_{hT){y)n, 

(28) 



where in the last step we made use of the fact that F'_{hT)^ G T>, and that 
Q is invariant under translations. To exchange the order of the limits, we 
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use methods from the proof of Lemma 2.1 of |BLS10j : We note that for each 
polynomial {x,y) — )■ L{x,y), there exists a polynomial {x,y) — )■ K{x,y) s.t 

Lix, y)e-'''y = Ki-d„ -dy)e-'^y . (29) 

We choose L so that and its derivatives are absolutely integrable. De- 
noting temporarily ^'r(x,y) := aQx{F^{hT))F'_{hT){y)^, we obtain 

lim(2^)-2 [ (fx(fyf{ex,ey)e-'''y^Tix,y) 
= lim(2^)-2 / (fx(fye-'^yK{dx,dy)f{ex,ey)L{x,y)-'^T{x,y) 

= {2n)-^ [ <fx<fye-''^yK{dx,dy)L{x,yrHT{x,y),{m) 



where in the first step we integrated by parts and in the second step we 
applied the dominated convergence theorem. To obtain the last expression, 
we used the fact that derivatives of (x,y) — >• f{ex,ey) contain powers of e 
and thus vanish in the limit. Substituting this expression to formula (j28p 
and making use again of the dominated convergence theorem, we arrive at 

out 

= (27r)-2 [ d'x<fye-''^yK{dx,dy)L{x,y)-\U{Qx)^S^\u{y)^-). (31) 



To interchange the limit T — )• oo with the action of the derivatives, we 
exploited the fact that for any Fi S 7^°°, /i G {0, 1}, the derivative dxt^Fi := 
{^x^^Fl{x))\x=o is an element of 7^°° and ^°^\^x^^Fl){x) = ^x^^^°^\Fl){x). 
This equality (as well as its counterpart for $°"*) follows immediately from 
the norm continuity of the respective map. 

To analyze expression (f3T]) . we will exploit some special features of mass- 
less theories in two dimensions. First, we recall that {H — P)'^+ = 0, and 
therefore 

U{Q^x)^+ = e^'^(^^^'-^^")^+ = ^-i\>^(H+P){x'-^-x')^^_ (32) 
Similarly, since [H + P)^'_ = 0, we obtain 

;7(y)^_ =e^i(^-^)(2'°+J^')^^. (33) 
Hence, exploiting the equalities [H it i-*)^'=p = and Lemma 12.31 (b). we get 

(t/(Qx)*+)°x (C/(y)M/_) = e-t«(^+^)(-''-^)e5(^-^)(?^"+s/^)(vI/+°x vI/_) 

out 

= U{v{x,y)){^+ X ^-), (34) 

where f(x,|/) = {i2{y^+y^ — K.x^+Kx^)^i2{y^+y^+K.x^ — Kx^)). We substitute 
this expression to formula (|3ip . obtaining 

out 

(^+ X^^-.) 

= (27r)-2 / <fxd^ye-''^yK{dx,dy)L{x,y)-^U{v{x,y)){m+°^'^^) 



j (^lun{2TT)-^ j d'^xd'^ye-'''yf{ex,ey)e'P^^'''y'^^dE{p){^+"x^^). (35) 
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Here in the second step we expressed U{v{-, •)) as a spectral integral and used 
the Fubini theorem to exchange the order of integration. Then we reversed 
the steps which led to formula (I30p . Now we analyze the function in the 
bracket above. Setting = ^{p^ ^P^), we get 

=(27r)-i I cPy e-^f{-e-\Kp+ + 2/°, Kp+ + y'),e{y^y'))e'P'^y"+y'^ 
=(2^)-i I d'yf{-{y',y'),e{ey^ - /^p+,ey^ - np+))e^p-(iy''W)e-2.p+) _ 

(36) 

Here / denotes the Fourier transform of / w.r.t. the x variable and in the last 
step we exploited the change of variables: {y^, y^) — )• [ey^ — Kp^,ey^ — Kp^) . 
Making use of the dominated convergence theorem, we perform the limit 
e \ 0, obtaining 

lim(27r)-2 f (fxcfye-'''yf{ex,ey)e'P'''-'''y^ = e-^HiP^ f-ip')^) . (37) 

e\0 J 

In view of formula (I35p . this completes the proof of (I26p for dense sets of 
vectors ^± G 'H±. For arbitrary ^± the statement follows by the limiting 
procedure (llOp . 

The statement (j27p concerning the incoming states can be shown using 
formula (fT2|) and an obvious modification of the above argument. We obtain 
it however more directly, using formula (|26p and definition (|lip : 

X, = J((J^+) °x\ (JM/_)) = J(e-t«(^'-^')((jvl/+) °x (JM/_))) 

= ei«(^'-^')(^I/+xM/_). (38) 

Here in the last step we made use of the fact, shown in |BLS10| . that the 
modular objects of the deformed and undeformed theory coincide. We also 
exploited the relation Jg{H,P)J = g(H,P)*, valid for any bounded, mea- 
surable function g, which follows from formula ([2]). □ 

We immediately obtain the following corollary: 

Corollary 3.3 Let S be the scattering operator of {TZ,U,n) and let be 
the scattering operator of {TZq^ ,U,il.). Then 

= e^«(^'-^')5. (39) 

In particular, if the original theory is asymptotically complete and non- 
interacting, and sp f7 = V+, then the deformed theory is asymptotically com- 
plete and interacting. 
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Proof. Making use of Theorem 13.21 and of the invariance of the scattering 
operator under translations, we obtain 



in 

e'<H^-P^)S{^+°x\^>_). (40) 

This proves formula (j39p . The property of asymptotic completeness is pre- 
served under the deformation, since e****-^ ~^ ^ is a unitary. If 7^°*^* = %, 
S = I and sp [/ = V+ then e*''^^ ~^ ^ is not a constant multiple of identity 
on i.e. the deformed theory is interacting. □ 

We have shown in Proposition 12.41 that any Borchers triple (TZ, U,il.) with a 
unique vacuum vector J7 and non-trivial single-particle subspaces ^_|_n[cri]-'-, 
Ti- n [cr^]"*", gives rise to an asymptotic Borchers triple (7^^*^, If^^, Q'^'^) which 
is asymptotically complete, non-interacting and s.t. spU^ = V+. Hence, in 
view of the above corollary, the deformation of {TZ^,U^,i}'^) gives rise to 
an interacting, asymptotically complete theory. 

Interestingly, there exists a large class of Borchers triples which are 
unitarily equivalent to their asymptotic Borchers triples (in the sense of 
[BLS10| ). They give rise to interacting theories with a complete particle 
interpretation by a direct application of the deformation procedure. In the 
next section we show that the Borchers triples associated with chiral confor- 
mal field theories belong to this class. 



5«(*+ x«^_) = 



4 Asymptotic completeness of chiral nets 

In this section we consider a specific class of Borchers triples resulting from 
chiral nets. We will show that such triples are asymptotically complete, what 
is at first sight surprising in view of the rich family of superselection sectors 
in chiral conformal field theory |GF93| . We recall, however, that in the 
present case particles (or rather 'waves') are composite objects, i.e. they may 
transform reducibly under the action of the Poincare group. Consequently, 
they may contain (pairs of) excitations from other sectors. 

We start from the definition of a local net on M, denoted by {A,U,0,). 
It consists of 

(a) a map M D X — )■ A(I) C B{'H), from open, bounded intervals to 
von Neumann algebras on H s.t. 

A{I) C A{J) for ICJ, (41) 
[A{I) , A{J)] = for X n J = (42) 

(b) a unitary representation R 9 s — )• U{s) s.t. 

spUcR+, (43) 
U{s)A{T)U{sy^ = A{I + s) for s G M; (44) 
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(c) a unique (up to a phase) unit vector fl, invariant under the action of 
U, which is cychc for any local algebra A{X). 

We remark, that there are many examples of local nets on M. They arise, 
in particular, from conformal field theories on (see e.g. |BMT88| IKL04) 
for concrete examples). Given a theory on one obtains a net on the 
compactified real line by means of the Cayley transform. Its restriction to 
the real line gives rise to a local net on M with properties specified above. 

Let {Ai,Ui,^i) and {A2-,U2,^2) be two local nets on M, and let T-Li, 
%2 be the respective Hilbert spaces. We identify the two real lines with the 
lightlines x + t = Q and x — t = in R-^. To construct a local net on M^, 
acting on the tensor product space % = 'Hi<^'H2, we first specify the unitary 
representation of translations: 

U{x) := ill (^(^° - a;')) ® U2 (^(^° + a;')) • (45) 



Let ax{ ■ ) := U{x) ■ U{x)* be the corresponding group of translation auto- 

1/2(2;) • 



morphisms and let ai^"^^ {■) := Ui/2{^) ' ^1/2(2^)*- Then there holds 



ax{Ai^A2) = a'^l,, {Ai)^a'^^ {A2), Ai e Ai, A2 G A2. (46) 

Any double cone in can be written as a product of two intervals on 
lightlines Xi XX2. We define the corresponding local algebra by 2l(Xi XX2) := 
AiiXi) ® ^2(X2). Setting Vt = 1^2, we obtain a triple (21, C/, il), which 

we call a chiral net on M^. Defining 

1Z:= V 2l(XixX2), (47) 
X1XX2CW 

we arrive at a Borchers triple (7^, [/, il) associated with (21, U, 0). 

We will show that this Borchers triple is unitarily equivalent to its asymp- 
totic Borchers triple {JV^, U^, i}^) and therefore, by Proposition [231 asymp- 
totically complete and non-interacting. To this end, we determine the asymp- 
totic fields in the following proposition: 

Proposition 4.1 For any Ai £ Ai{Ii), A2 G ^2(^2) there holds 

$°"*/"'(^i ® yl2) = Ai(g){n2\A2n2)I, (48) 

$°"*/'"(Ai ^2) = {ni\Aini)i ^ A2. (49) 

(In the case of^°^^ and <I>™ it is assumed that Ti XX2 C W. In the remaining 
cases Xi X X2 C W'J. 

Proof. We consider only as the remaining cases are analogous. From 

its definition and formula (|46p . we obtain 

^°f{Ai ® A2) = s^- hm ^1 ^ j dt hT{t)a^^^{A2). (50) 
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('2') 

We denote ^2(/iT) := / dt hT{t)a'-^^{A2). This sequence has the fohowing 
properties: 

S-hm^2(/iT)f^2 = (!^2|^2^^2)^^2, (51) 

T— >oo 

lim ||[A2(/it),^]|| = 0, for any A G ^(X), (52) 

T->oo 

where I is an arbitrary open, bounded interval. The first identity above 
follows from the mean ergodic theorem and the fact that CI2 is the only 
vector invariant under the action of U2 ■ The second equality is a consequence 
of the locality property (j4ip . Now since [^2(2^)^2] = 'H2, we obtain from 
relations ^Bj, §2il 

s-lim A2{hT) = {n2\A2n2)I- (53) 

T— >oo 

This completes the proof. □ 

Now we can easily prove the main result of this section: 

Theorem 4.2 Any Borchers triple (TZ, U, il) associated with a chiral net on 
is unitarily equivalent to its asymptotic Borchers triple (TZ'^ , U'^ , Q,^^) . 
More precisely, there exists a unitary map W : Ti^ Ti s.t. WTZ^ = TZW, 
WW^ix) = U{x)W and WQ"^ = Q. 

Proof. By cyclicity of $7 under the action of TZ and the mean ergodic 
theorem (cf. formula ([5])), there holds 

n± = [^"^\F)n\F ^TZ]. (54) 

Thus, applying Proposition 14. 11 and exploiting the cyclicity of Qi, CI2 under 
the action of the respective local algebras, we obtain 

n+ = -Hi [cn2], (55) 

^_ = [c^?i] ® 7^2- (56) 

Recalling that Ti^ = ® Ti- and Ti = Tii 7^2, we define a unitary map 
W : Ti^ — )• Ti, extending by linearity the relation 

VF((^'i «) J72) «) (j^i (g) ^2)) = ^1 1^ ^2, ^1 G ?ii,^'2 G '^2. (57) 
It is readily verified that 

WW^ix) = U{x)W, (58) 

wn'^ = n, (59) 

W{^''^\Ai ® A2)\n+ ® ^'^{Bi B2)\n-} 

= ini\Bihi){n2\A2n2){Ai B2}w, (60) 

where Aif^A2, Bi^ B2 comply with the assumptions of Proposition 14. II By 
definition (jT7|) . the elements in the curly bracket on the r.h.s. of (|60p generate 
TZ. Making use of this fact and of the identities ^°^^{F)\u+ = P+F\-u+, 
$™(i^)|-H_ = P-F\'H^^ where F ^ TZ, we obtain that the double commutant 
of the set of elements in the curly bracket on the l.h.s. of (j60p coincides with 
TZ'^^. Hence WK^ = TZW , which concludes the proof. □ 

In view of the above theorem, we obtain from Proposition 12.41 
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Corollary 4.3 Any Borchers triple {TZ,U,Q), associated with a chiral net, 
gives rise to an asymptotically complete, non-interacting theory. Moreover, 
spf/ = V+. 

Hence, by Corollary 13. 3| deformations of such Borchers triples give rise to 
asymptotically complete, interacting theories. 

5 Concluding remarks 

In this paper we applied the deformation method, developed in |BLS10| . 
to two-dimensional massless theories. We have shown that the deformation 
procedure not only introduces interaction, as expected from the massive case 
|GL08| IBS08| . but also preserves the property of asymptotic completeness. 
By deforming chiral conformal field theories, we obtained a large class of 
wedge-local theories, which are interacting and asymptotically complete. As 
the resulting scattering matrices are Lorentz invariant, one can hope for 
the existence of local observables in these models. We recall that negative 
results, concerning this issue, have so far been established only in spacetimes 
of dimension larger than two |BLS10| . 

A large part of our investigation was devoted to scattering of massless 
particles ('waves') in two-dimensional wedge-local theories. It turned out 
that the scattering theory developed in |Bu75| for local nets of observables 
generalizes naturally to the wedge-local framework: To construct the two- 
body scattering matrix, it suffices to know the Borchers triple. It is an 
interesting open problem, if this fact remains true for scattering of massless 
particles in spacetimes of higher dimension. We recall that for local nets of 
observables scattering theory of massless excitations is well understood in 
the physical spacetime |Bu77| . 
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gratefully acknowledges hospitality of the Erwin Schrodinger International 
Institute for Mathematical Physics in Vienna during the final stages of this 
work. 

References 

[BFK06] H. Babujian, A. Foerster and M. Karowski, The form factor 
program: a review and new results - the nested SU(N) off-shell 
Bethe Ansatz. In: J. Balog and L. Feher (eds.) Proceedings of the 
O'Raifeartaigh Symposium on Non-Perturbative and Symmetry Meth- 
ods in Field Theory, Budapest 2006. 

[BFM04] G. Benfatto, P. Falco and V. Mastropietro, Functional integral 
construction of the massive Thirring model: Verification of axioms and 
massless limit. Commun. Math. Phys. 273, (2007) 67-118. 



14 



[Bo92] H.-J. Borchers, The CPT-theorem in two-dimensional theories of lo- 
cal observables. Commmi. Math. Phys. 143, (1992) 315-332. 

[BBSOl] H.-J. Borchers, D. Buchholz and B. Schroer, Polarization- free gen- 
erators and the S-matrix. Commun. Math. Phys. 219, (2001) 125-140. 

[Bu75] D. Buchholz, Collision theory for waves in two dimensions and a 
characterization of models with trivial S-matrix. Commun. Math. Phys. 
45, (1975) 1-8. 

[Bu77] D. Buchholz, Collision theory for massless bosons. Commun. Math. 
Phys. 52, (1977) 147-173. 

[BMT88] D. Buchholz, G. Mack, and I. Todorov, The current algebra on 
the circle as a germ of local field theories. Nuclear Phys. B Proc. Suppl. 
5B, (1988) 20-56. 

[Bu90] D. Buchholz, Harmonic analysis of local operators. Commun. Math. 
Phys. 129, (1990) 631-641. 

[BS08] D. Buchholz and S. Summers, Warped convolutions: A novel tool in 
the construction of quantum field theories. Preprint: arXiv:080 6. 03491 

[BLSIO] D. Buchholz, G. Lechner and S. Summers, Warped convolutions, 
Rieffel deformations and the construction of quantum field theories. 
Preprint: arXiv: 1005.2656, 

[CRW85] A.L. Carey, S.N.M. Ruijsenaars, J.D. Wrigth, The massless 
Thirring model: Positivity of Klaiber's n-point functions. Commun. 
Math. Phys. 99, (1985) 347-364. 

[CD82] M. Combescure and F. Dunlop, Three-body asymptotic completeness 
for P((/))2 models. Commun. Math. Phys. 85, (1982) 381-418. 

[DLMIO] C. Dappiaggi, G. Lechner and E. Morfa-Morales, Deformations of 
quantum field theories on spacetimes with Killing vector fields. Preprint: 
larXiv: 1006.35481 

[DG99] J. Derezihski and C. Gerard, Asymptotic completeness in quantum 
field theory. Massive Pauli-Fierz Hamiltonians. Rev. Math. Phys. 11, 
(1999) 383-450. 

[Dy05] W. Dybalski, Haag-Ruelle scattering theory in presence of massless 
particles. Lett. Math. Phys. 72, (2005) 27-38. 

[Dy09] W. Dybalski, Continuous spectrum of automorphism groups and the 
infraparticle problem. To appear in Commun. Math. Phys. Preprint: 
[a?Xiv:0912. 20131 

[F198] M. Florig, On Borchers' theorem, Lett. Math. Phys. 46, (1998) 289- 
293. 

[FGS04] J. Frohlich, M. Griesemer and B. Schlein, Asymptotic completeness 
for Compton scattering. Commun. Math. Phys. 252, (2004) 415-476. 

[GF93] F. Gabbiani and J. Frohlich, Operator algebras and conformal field 
theory. Commun. Math. Phys. 155, (1993) 569-640. 

[GL08] H. Crosse and G. Lechner, Wedge-local quantum fields and non- 
commutative Minkowski space. JHEP 0711, (2007) 12-39. 

15 



[Ha] R. Haag, Local Quantum Physics. Springer 1992. 

[Ha58] R. Haag, Quantum field theories with composite particles and asymp- 
totic conditions. Phys. Rev. 112, (1958) 669-673. 

[KL04] Y. Kawahigashi and R. Longo, Classification of two-dimensional lo- 
cal conformal nets with c < 1 and 2-cohomology vanishing for tensor 
categories. Comm. Math. Phys. 244, (2004) 63-97. 

[LeOS] G. Lechner, Construction of quantum field theories with factorizing 
S-matnces. Commun. Math. Phys. 277, (2008) 821-860. 

[LSZ55] H. Lehmann, K. Symanzik and W. Zimmermann Zur Formulierung 
quantisierter Feldtheorien. Nuovo Cim. 1, (1955) 205-225. 

[Po04.1] M. Porrmann, Particle weights and their disintegration I. Commun. 
Math. Phys. 248, (2004) 269-304. 

[Po04.2] M. Porrmann, Particle weights and their disintegration II. Com- 
mun. Math. Phys. 248, (2004) 305-333. 

[Ru62] D. Ruelle, On the asymptotic condition in quantum field theory. Helv. 
Phys. Acta 35, (1962) 147-163. 

[SWOO] B. Schroer and H.W. Wiesbrock, Modular constructions of quantum 
field theories with interactions. Rev. Math. Phys. V.12, (2000) 301-326. 

[Sp97] H. Spohn, Asymptotic completeness for Rayleigh scattering. J. Math. 
Phys. 38, (1997) 2281-2296. 

[ZZ92] A.B. Zamolodchikov and Al. B. Zamolodchikov, Massless factorized 
scattering and sigma models with topological terms. Nuclear Physics B 
379, (1992) 602-623. 



16 



